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Abstract The analysis of large-scale data sets using clustering techniques arises in many
different disciplines and has important applications. Most traditional clustering techniques
require heuristic methods for finding good solutions and produce suboptimal clusters as a
result. In this article, we present a rigorous biclustering approach, OREO, which is based
on the Optimal RE-Ordering of the rows and columns of a data matrix. The physical per-
mutations of the rows and columns are accomplished via a network flow model according
to a given objective function. This optimal re-ordering model is used in an iterative frame-
work where cluster boundaries in one dimension are used to partition and re-order the other
dimensions of the corresponding submatrices. The performance of OREO is demonstrated
on metabolite concentration data to validate the ability of the proposed method and compare
it to existing clustering methods.

Keywords Biclustering · Mixed-integer linear optimization (MILP)

1 Introduction

Data clustering and data organization is an important problem which arises in many different
disciplines. Some examples include pattern recognition [1], image processing [2], infor-
mation retrieval [3], microarray gene expression [4], and protein structure prediction [5,6].
The goal of clustering is to extract specific patterns or trends from a data set by grouping
together “similar” objects, where the definition of similarity is dependent upon the specific
types of patterns one hopes to elucidate. Traditional clustering methods, such as hierarchi-
cal and partitioning clustering, are typically solved using heuristic methods and, as a result,
produce suboptimal clusters since pairwise comparisons are evaluated locally. Several other
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clustering techniques have also been developed, including model-based clustering [7,8],
neural networks [9], simulated annealing [10], genetic algorithms [11,12], information-based
clustering [13], decomposition based approaches [14–16], and data classification [17].

Another effective method for data analysis is to re-order the data based on minimizing the
sum of the pair-wise differences between adjacent rows or columns in the final arrangement
of the matrix. This problem is known as rearrangement clustering and the bond energy algo-
rithm (BEA) was originally proposed as a method for finding “good” solutions. It was pointed
out that the rearrangement problem could be cast as a traveling salesman problem [18,19].
The identification of cluster boundaries can be done after the re-ordering using a restricted
partitioning approach for a pre-specified number of clusters [20] or during the re-ordering by
solving the traveling salesman problem with k additional dummy cities [21]. Rearrangement
clustering provides an appealing alternative to traditional clustering techniques since if the
traveling salesman problem representation can be solved to optimality using deterministic
methods, then one is guaranteed to have an optimal ordering of the data with respect to the
proposed objective function.

The concept of biclustering has received considerable attention in the analysis of micro-
array gene expression data since a gene can be involved in more than one biological process
or could belong to a group of genes that are coexpressed under a limited set of conditions
[22]. Traditional clustering methods can fail to discover biclusters since they are comprised
of submatrices of genes (row) and conditions (columns) of the original matrix. It should be
noted that genes can be shared among biclusters (i.e., overlapping biclusters) and it is not a
requirement that every gene is assigned to at least one bicluster.

Several different models and algorithms have been proposed for this NP-hard problem
[23]. To ensure that biclusters are found in a reasonable amount of time, the existing tech-
niques either utilize heuristic methods for finding good solutions or resort to simplifications
in the problem representation (e.g., a simpler model or discretization of the expression level).
For instance, the Cheng and Church [23] and cMonkey [24] biclustering algorithms are itera-
tive processes which allow for integration of other data types since they do not transform the
data. To solve the optimization problem based on the mean square residue [23], the Cheng
and Church algorithm utilizes a greedy heuristic. Other methods for biclustering, such as
plaid [22] and spectra models [25], are related to projection methods which regenerate the
data matrix by biclusters. The plaid model uses a series of additive layers to capture the
underlying structure in the gene expression data [22] and the spectra model uses singular
value decomposition to identify eigenvectors that reveal the existence of a checkerboard
pattern for the rearranged genes and conditions [25]. The biclustering methods BiMax [26]
and SAMBA [27] discretize the expression level which allows them to produce biclusters in
less time than more complicated models. To complement the assortment of problem repre-
sentations for biclustering, there have been a variety of algorithmic approaches developed to
solve these models of varying complexity, such as zero-suppressed binary decision diagrams
[28], evolutionary algorithms [29,30], Markov chain Monte Carlo [24], bipartite graphs [27],
and 0–1 fractional programming [31].

In this article, we present a biclustering algorithm based on optimally re-ordering data
matrices in an iterative fashion. The cluster boundaries identified in the optimal re-ordering
of one dimension are used to partition and re-order submatrices in the remaining dimension.
We present several objective functions to assess the quality of the re-orderings and a network
flow model for performing the physical row and column permutations of the data matrix. It
is demonstrated that this global method provides a denser grouping of interrelated entities
than other clustering methods and can reconstruct underlying fundamental patterns in the
data.
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2 Mathematical formulation

In this section, we present each of the components of the mathematical model: (1) the binary
variables used to represent the row and column permutations, (2) the objective functions
used to assess the quality of a re-ordering, and (3) a network flow model for performing
the physical row and column permutations. An iterative framework is then presented which
applies the re-ordering algorithm to submatrices to identify biclusters.

2.1 Variable definitions

We define the index pair (i, j) to correspond to the element in row i and column j of the data
matrix. The value associated with this element is denoted as ai, j . The total number of rows
and columns of the matrix are represented by their cardinality, |I | and |J |, respectively. It
should be noted here that the row and column permutations can be performed independently,
so we will only present the mathematical model for permuting the rows of the data matrix
since an analogous representation follows for the columns.

The problem representation we adopt is the assignment of neighboring elements in the
final arrangement of the rows, which is a boolean decision. To model this, we define the
binary {0–1} variables, yrow

i,i ′ , to represent the assignment of row i adjacent to and above row
i ′ in the final ordering, as presented below.

yrow
i,i ′ =

{
1, if row i is adjacent and above row i ′ in the final arrangement
0, otherwise

For instance, if the binary variable yrow
12,7 is equal to one then row 12 is above and adjacent

to row 7 in the final ordering of the rows. However, if yrow
12,7 = 0 then this simply implies

that row 12 is not immediately above row 7 in the final ordering and provides no additional
information regarding their relative positions in the re-arranged matrix.

2.2 Objective function

Given the problem representation of assigning neighboring elements in the final ordering,
we need to develop an appropriate objective function to measure the cost or similarity asso-
ciated with each assignment. In this section, we present a generalized objective function for
quantifying the pair-wise similarity between two rows that are adjacent in the final ordering
and illustrate common expressions that can be utilized. The general form of the objective
function is presented in Eq. 1.

∑
i

∑
i ′

yrow
i,i ′ ·

∑
j

φ(ai, j , ai ′, j ) (1)

In Eq. 1, the term φ(ai, j , ai ′, j ) represents the pair-wise similarity between rows i and i ′
for each column j . This term can assume a variety of functional forms, such as the relative
difference in value for adjacent rows of a matrix, as shown in Eq. 2.

∑
i

∑
i ′

yrow
i,i ′ ·

∑
j

|ai, j − ai ′, j | (2)
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If it is desired to place the emphasis on penalizing large pair-wise differences, then one
could use a squared difference form of the objective function, as shown in Eq. 3.

∑
i

∑
i ′

yrow
i,i ′ ·

∑
j

(ai, j − ai ′, j )
2 (3)

An alternative metric of similarity is to compute the root-mean squared deviation between
each element j in rows i and i ′, as shown in Eq. 4.

∑
i

∑
i ′

yrow
i,i ′ ·

√∑
j (ai, j − ai ′, j )

2

|J | (4)

It is important to note that the aforementioned objective functions are not restricted to these
Euclidean forms; we simply presented these since they are commonly used. For instance,
if the elements being clustered are amino acid residues, then a PAM or BLOSUM scoring
matrix is the appropriate similarity metric since the Euclidean distance is meaningless for
these characters. Our objective function can easily accommodate this type of metric. The
objective functions can also be tailored to exploit physical trends in the data set. For instance,
suppose it is known a priori that the values in the data set have an underlying monotonic
landscape and this final ordering is desirable. Then it is straightforward to introduce restric-
tions for only incorporating those terms when the monotonicity property is violated (i.e.,
ai, j > ai ′, j ). It should be noted that the objective functions presented above are symmetric.

2.3 Re-ordering rows and columns: a network flow model

The physical permutations of the rows and columns of the data matrix can be accomplished
using a network flow model [32–37], where the rows correspond to nodes in the graph and an
edge between two nodes (rows) indicates that they are neighbors in the final ordering. Recall
that the binary variables yrow

i,i ′ represent the assignment of row i ′ to be below and adjacent to
row i in the final arrangement. Thus, in network flow terminology, the binary variable yrow

i,i ′
represents the existence of an edge from row i to row i ′. We define additional continuous
variables to assign a flow value, f row

i,i ′ , for every edge, yrow
i,i ′ .

f row
i,i ′ ≡ the flow from row i to row i ′

It is important to note that the value of a flow entering a node (row) indicates its position in
the final ordering. For instance, if yrow

12,7 = 1 and f row
12,7 = 3, then row 7 is in position 3 in

the final arrangement. Since the flows represent positions, we can assign general upper and
lower bounds for all flow values since any flow connecting two rows i and i ′ (i.e., yrow

i,i ′ = 1)
can never be greater than |I | − 1 nor less than 1.

yrow
i,i ′ ≤ f row

i,i ′ ≤ (|I | − 1) · yrow
i,i ′ ∀(i, i ′) (5)

These constraint equations also ensure that if rows i and i ′ are not adjacent in the final order-
ing (i.e., yrow

i,i ′ = 0) then no flow is assigned (i.e., f row
i,i ′ = 0). Since the variables yrow

i,i ′ and
f row
i,i ′ can only occur between two existing nodes, we need to define a fictitious source and

sink node to indicate the first and final positions in the row orderings, respectively. Thus, we
define another set of binary variables, y_sourcerow

i and y_sinkrow
i , to indicate which row is

adjacent to the source (i.e., the top-most row) and which row is adjacent to the sink (i.e., the
bottom-most row) in the final rearranged matrix, respectively.
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y_sourcerow
i =

{
1, if row i is the top-most row in the final arrangement
0, otherwise

y_sinkrow
i =

{
1, if row i is the bottom-most row in the final arrangement
0, otherwise

Additional flow variables are defined for the flow leaving the source node (entering the
top-most row) and the flow entering the sink node (leaving from the bottom-most row), as
shown below.

f _sourcerow
i ≡ the flow entering the source row i

f _sinkrow
I ≡ the flow leaving the sink row i

It is essential that each row i has only one neighboring row above it and one neighboring
row below it in the final rearrangement, as modeled by the constraints in Eqs. 6 and 7.∑

i ′ �=i

yrow
i ′,i + y_sourcerow

i = 1 ∀i (6)

∑
i ′ �=i

yrow
i,i ′ + y_sinkrow

i = 1 ∀i (7)

The constraints in Eq. 6 enforce that row i has some row i ′ adjacent to and above it in the final
ordering or it is the top-most row. Equivalently, the constraints in Eq. 7 enforce that row i has
some other row i ′ adjacent to and below it in the final ordering or it is the bottom-most row.
Another constraint to consider is that there can be only one top-most and one bottom-most
row in the final ordering, as modeled by Eqs. 8 and 9, respectively.∑

i

y_sourcerow
i = 1 (8)

∑
i

y_sinkrow
i = 1 (9)

The set of constraints defined by Eqs. 6 through 9 are sufficient for the assignment of unique
neighbors for every row in the final ordering. However, cyclic arrangements of the rows can
mathematically satisfy these constraint equations (i.e., it is possible that yrow

i,i ′ = yrow
i ′,i ′′ =

yrow
i ′′,i = 1, which results in a cyclic final ordering of i , i ′, i ′′, i . . ., etc.). To enforce an acyclic

arrangement, we need to ensure that the flow values, fi,i ′ , which denotes the position of row
i ′ in the final ordering, are unique and monotonically decreasing. We first define that the flow
leaving the source node and entering the top-most row, f _sourcerow, is equal to the total
number of rows (|I |), as presented in Eq. 10.

f _sourcerow
i = |I | · y_sourcerow

i ∀i (10)

Given an initial flow of |I | from the source node to the top-most row, we would like the flow
values for each subsequent row in the final arrangement to be |I |−1, |I |−2, and so on. This
cascading property of the flow values will ensure a unique final ordering of the rows and can
be accomplished using the flow conservation equation presented in Eq. 11.∑

i ′
( f row

i ′,i − f row
i,i ′ ) + f _sourcerow

i − f _sinkrow
i = 1 ∀i (11)

Note that the positions (or flows) decrement by one at each node and provide a unique final
ordering for the rows. Since we have defined the convention that f _sourcerow

i starts at |I |,
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then f _sinkrow
i must have a flow value of zero and thus can be eliminated from the above

constraint. The set of constraints in Eqs. 6–11 comprise the mixed-integer linear program-
ming (MILP) model for the permutations of the rows of a data matrix, according to any of the
aforementioned objective functions. This MILP network flow model can be solved to global
optimality using a branch-and-cut algorithm, such as those employed in CPLEX [38].

It should be noted here the re-ordering of the rows and columns can also be modeled as
a traveling salesman problem (TSP), which can be solved using existing TSP solvers, such
as Concorde [39]. In the TSP formulation, each row in the matrix is represented as a “city”,
i ∈ |I |, and there is an associated cost of “traveling” from all cities i to i ′. The objective
of the TSP problem is to visit each city (or row in the matrix) only once while incurring
the minimum total cost. The order in which these rows are visited corresponds to their final
positions in the re-ordered matrix. Since the TSP problem requires that the tour start and end
at the same city, we introduce a dummy city to connect the top-most and bottom-most row
in the final arrangement with an edge that does not have any cost.

2.4 Iterative framework

We apply the network flow model for optimal re-ordering that was presented in the previous
section in an iterative fashion to bicluster data matrices, as illustrated by the flow diagram
in Fig. 1. This iterative framework initially re-orders the data matrix using the network flow
model over a single dimension, which we denote for reference as the “columns” of the
matrix. For instance, in gene expression data this dimension would correspond to the set of
conditions over which the expression levels were measured. Once the optimal re-ordering of
the columns has been identified, we compute the median of the pair-wise objective function
values (i.e., the median of φ(ai, j , ai+1, j ) over j for every i and i + 1) between the neighbor-
ing columns in the final arrangement. The largest median values are selected as the cluster
boundaries which divide the data matrix into several submatrices based on this dimension.
For each submatrix, we then optimally re-order the rows over its subset of columns using
the network flow model and define cluster boundaries for the re-ordered rows based on the
largest medians in objective function value. This iterative framework of the network flow
model is denoted as OREO, which is stands for the Optimal RE-Ordering of the rows and
columns of a data matrix.

3 Computational study: metabolite concentration data

We applied the proposed biclustering method to a set of concentration profiles for 68 metab-
olites (the rows of the data matrix) that were dynamically recorded using liquid chromatog-
raphy-tandem mass spectrometry under the conditions of nitrogen and carbon starvation (the
columns of the data matrix) for the organisms E. coli and S. cerevisiae [40]. The starvation
conditions (or columns) of the data matrix were optimally re-ordered using CPLEX in 168
seconds on Intel 3.0 GHz Pentium 4 processor for the objective function in Eq. 3. The results
are presented in Fig. 2 where the top four cluster boundaries, illustrated by the solid vertical
lines, partition the original matrix into the four submatrices A, B, C, D and E.

The most interesting feature of the column re-ordering is that the nitrogen and carbon
starvation conditions are perfectly separated. That is, all the nitrogen starvation conditions
occupy the left-half of the matrix and all the carbon starvation conditions occupy the right-
half of the matrix, as shown in Fig. 2. This suggests that the proposed method has the ability
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Fig. 1 Flow diagram for the
iterative framework for
biclustering, OREO. (1) The
“columns” of the data matrix are
first re-ordered to optimality
using the network flow model, as
shown in the blue circle at the top
of the diagram. (2) Cluster
boundaries in the re-ordered
column dimension are used to
partition the re-ordered matrix
into non-overlapping
submatrices. (3) Each of these
submatrices is then re-ordered
over the “row” dimension to
optimality using the network flow
model, and (4) cluster boundaries
in this dimension are used to
define the corresponding
biclusters

Optimally re-order the "columns"
of the data matrix using the

network flow model

Define cluster boundaries
between the re-ordered "row"
elements and output biclusters

Optimally re-order each of
the submatrices over the
"rows" using the network

flow model

Partition the re-ordered matrix into
several submatrices based on the
largest cluster boundaries in the

"column" dimension

to reconstruct underlying fundamental patterns. The next step in the iterative framework is
to re-order over the metabolites for the submatrices A, B, C, D, and E but, for the sake of
brevity, we shall only discuss the re-orderings over the regions labeled A and E. The opti-
mal metabolite re-orderings for submatrices A and E were determined in 4085 and 4587
CPU seconds using CPLEX according to the objective function in Eq. 3 and the results are
presented in the enlarged regions in Fig. 2.

It is interesting to note that the re-orderings of the metabolites over the different subma-
trices result in very dense groupings of metabolites corresponding to the same metabolic
functions. For instance, the re-ordered metabolites in region A result in a dense grouping
of the biosynthetic intermediate metabolites carbamoyl-aspartate, ornithine, dihydrooroate,
N -acetyl-ornithine, IMP, cystathionine, and orotic acid in the first nine rows of the data
matrix. This is consistent with the observation that most biosynthetic intermediates decrease
in concentration over all starvation conditions based on the hypothesis that the cells turn off
de novo biosynthesis as an early, strong, and consistent response to nutrient deprivation [40].
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Fig. 2 Partitioning of columns into regions A, B, C, D, and E using cluster boundaries and optimal re-ordering
results for metabolites for regions A and E. The relative groupings of metabolites are illustrated using the labels
“***” for amino acid metabolites, “ooo” for biosynthetic intermediates, and “+++” for TCA compounds

There is also a strong aggregation of the amino acid metabolites glycine, asparagine, serine,
alanine, methionine, threonine, histidine, aspartate, tryptophan, phenylalanine, isoleucine,
and valine within a cluster of 26 metabolites. Another interesting arrangement in this subma-
trix is that the metabolites carbamoyl-aspartate and dihydrooroate are only separated by two
positions and are both on the pyrimidine pathway [40].

The optimally re-ordered metabolites in region E result in a closer grouping of the amino
acid and TCA cycle metabolites. Within a cluster of 27 metabolites, there are 16 amino
acids (out of a possible 19 total in the data set) and 8 of these are grouped consecutively:
serine, glycine, valine, glutamate, tryptophan, alanine, threonine, and methionine (see the
“***” symbols in Fig. 2). This strong grouping of amino acid metabolites is consistent with
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the observation that amino acids tend to accumulate during carbon starvation [40], which
are the exactly the starvation conditions in this submatrix. The four TCA cycle metabolites
trans-aconitate, citrate, malate, and acetyl-coA (out of the six total that are present in the data
set) are within 6 positions of each other in the final arrangement. We again observe a strong
grouping of the biosynthetic intermediates in the top half of the data matrix, which is con-
sistent with the observation that most biosynthetic intermediates decrease in concentration
under starvation conditions, but note that this clustering is not as strong as what was observed
for region A. An interesting arrangement in the re-ordered metabolites for region E is that the
metabolites FBP and phosphoenolpyruvate (PEP) are placed on opposite ends of the matrix
(i.e., one is adjacent to the source row and the other is adjacent to the sink row). This relative
placement makes sense since FBP is a positive regulator of pyruvate kinase, which is the
major enzyme consuming PEP [40]. Since carbon-starvation resulted in a decrease of FBP,
this presumably down-regulates the activity of pyruvate kinase, which in turn results in an
accumulation of PEP.

3.1 Comparison with other clustering methods

To compare our results with those obtained from traditional clustering methods, we applied
hierarchical clustering to the metabolite concentration data [40]. It was observed that the
re-orderings obtained by OREO resulted in a closer grouping of metabolites of similar known
metabolic function than hierarchical clustering. For instance, the largest consecutive group-
ing of amino acids for hierarchical clustering is alanine, glutamate, threonine, methionine,
and serine, which are 3 less than the 8 total found by OREO in region E. The proposed method
also results in a closer clustering of the 6 TCA cycle compounds. In general, OREO arranges
the metabolites in an order which more closely reflects their known metabolic functions than
does hierarchical clustering.

In order to quantify the actual deviation from the optimal ordering, we evaluated the
objective function in Eq. 3 for the ordering reported by hierarchical clustering for both the
rows (metabolites) and columns (starvation conditions), as shown in Table 1. The “Percent
Gap” column in Table 1 is a standard measure in optimization for quantifying the deviation of
given solution from optimality. One can see in Table 1 that the final ordering provided by the
hierarchical results is suboptimal with respect to the squared difference objective function in
Eq. 3.

Since the rearranged data appears to naturally form biclusters, we applied the biclustering
algorithms ISA [41], Cheng and Church’s [23], OPSM [42], BiMax [26], and SAMBA [27]
to this metabolite concentration data set. Each algorithm was run using the default param-
eter values, which were only adjusted in the event that no biclusters were reported. The
resulting biclusters were visualized using the BiVoc algorithm [43]. It was surprising to find
that none of the biclustering methods were able to produce biologically insightful group-
ings of metabolites. The bicluster of highest annotated enrichment was found by Cheng and

Table 1 Comparison between optimal objective value and hierarchical objective value for metabolite con-
centration data for squared difference objective function

Problem Optimal objective value Hierarchical objective value Percent gap (%)

Rows 4,415.8 6,377.6 30.8

Columns 1,753.0 2,677.9 34.5
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Church’s Algorithm [23], which assigned 15 amino acid metabolites to a large bicluster of 30
metabolites. The longest consecutive ordering of amino acids within this bicluster are serine,
methionine, threonine, glutamate, and alanine, which is exactly the same as that reported in
the hierarchical clustering results. The majority of the remaining metabolites in this bicluster
are biosynthetic intermediates. The OPSM Algorithm [42] also produced a loosely correlated
bicluster that contained the amino acid metabolites valine, isoleucine, alanine, phosphoenol-
pyruvate, ATP, proline, asparigine, and glutamate under the conditions of nitrogen and carbon
starvation in S. cerevisiae and E. coli.

4 Discussion

In this article we presented a rigorous method for biclustering based on iteratively re-ordering
the rows and columns of a data matrix. This algorithm, OREO, utilizes a network flow model
to perform the row and column permutations according to a given objective function, which
can assume a variety of functional forms and is a convenient option for the user to specify.
The proposed approach was applied to metabolite concentration data and it was shown that
our method results in a closer grouping of related metabolites than hierarchical clustering
and other biclustering algorithms, which suggests that the optimal re-ordering has distinct
advantages over a local re-ordering. It was also shown that OREO has the ability to separate
objects into distinct groups, as was illustrated with the separation of the starvation condi-
tions in the metabolite concentration data. It is noteworthy that OREO could be applied to
clustering ensembles of conformers resulting from free energy calculations of oligopeptides
[44–46] or proteins [47,48], de novo sequences generated in protein design [49,50], as well
as design and scheduling of batch processes [51,52].
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